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Abstract. We introduce the notion of ^-topological orderings for digraphs. 
We prove that given a digraph G on n vertices admitting a z-topological 
ordering, together with such an ordering, one may count the number of 
subgraphs of G that at the same time satisfy a monadic second order for- 
mula If and are the union of k directed paths, in time f{ip, k, z) ■ n'-'^^'^K 
Our result implies the polynomial time solvability of a vast number of nat- 
ural counting problems on digraphs admitting ^-topological orderings for 
constant values of z and k. For instance, we are able to answer in poly- 
nomial time questions of the form: "How many planar subgraphs of G 
are the union of k directed paths?". Concerning the relationship between 
^-topological orderability and other digraph width measures, we observe 
that any digraph of directed pathwidth d has a ^-topological ordering for 
z < 2d + 1. Since graphs of directed pathwidth can have both arbitrarily 
large undirected tree width and arbitrarily large clique width, our result 
provides for the first time a suitable way of partially transposing metathe- 
orems developed in the context of the monadic second order logic of graphs 
of constant undirected tree width and constant clique width to the realm 
of digraph width measures that are closed under taking subgraphs and 
whose constant levels incorporate families of graphs of arbitrarily large 
undirected tree width and arbitrarily large clique width. 
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1 Introduction 

Two cornerstones of parametrized complexity theory are Courcelle's theorem |13| 
stating that monadic second order logic properties may be model checked in linear 
time in graphs of constant undirected tree width, and its subsequent generaliza- 
tion to counting given by Arnborg, Lagergren and Seese [2]. The importance of 
such metatheorems stem from the fact that several NP-complete problems such as 
Hamiltonicity, colorability, and their respective #P-hard counting counterparts, 
can be modeled in terms of MSO2 sentences and thus can be efficiently solved in 
graphs of constant undirected tree-width. 

In the present work we introduce the notion of z-topological orderings for 
digraphs and provide a suitable way of partially transposing the metatheorems 
in |13l2j to digraphs admitting z-topological orderings for constant values of z. In 
order to state our main result we will first give a couple of easy definitions; Let 
G = {V, E) be a directed graph. For subsets of vertices Vl, V2 C y we let E{Vi, V2) 



denote the set of edges with one endpoint in Vi and another endpoint in V2 ■ We 
say that a hnear ordering uj — (vi, U2, w„) of the vertices of is a z-topological 
ordering of G if for every directed simple path p = {Vp, Ep) in G and every i with 
1 < i < n, we have that \Ep fl E{{vi...^ Vi], {w^+i, Vn})\ < z. In other words, lo 
is a z-topological ordering if every directed simple path of G bounces back and 
forth at most z times along uj. The terminology z-topological ordering is justified 
by the fact that if G is a DAG then any of its topological orderings has zig-zag 
number 1. We denote by MSO2 the monadic second order logic of graphs with 
edge set quantification. 

Theorem 1.1 (Main Theorem). Given a z-topological ordering of a digraph G 
on n vertices, a MSO2 formula ip, and an integer k, one may count the number 
of subgraphs of G that at the same time satisfy tp and are the union of k directed 
path^ in time f{(p, k, z) • n'~"^^'''^ for some computable function f{(p, k, z). 

Our result implies the polynomial time solvability of a vast number of counting 
problems on digraphs admitting z-topological orderings for constant values of z and 
k. We observe that graphs admitting z-topological orderings for constant values of 
z can already have simultaneously unbounded tree-width and unbounded clique- 
width, and therefore the problems that we deal with here cannot be tackled by 
the approaches in |13|2|15j . For instance any DAG is 1-topologically orderable. In 
particular, the n x n directed grid in which all horizontal edges are directed to the 
left and all vertical edges oriented up is 1-topologically orderable, while it has both 
undirected tree- width il{n) and clique- width n(n). Next we give three families of 
applications for Theorem 11.11 In the statements below, we assume that G is a 
z-topologically orderable digraph on n vertices and that a z-topological ordering 
Lu — {vi,V2, ■■■,Vn) of G has been given. 

— How many subgraphs of G are cr-Hnkages? Given a sequence of 2k not 
necessarily distinct vertices a = {si,ti, S2,t2, Sk,tk), a cr-linkage is a set of 
internally disjoint directed paths pi,p2, ■■■■,Pk where each pi connects Si to ti. 
Johnson, Robertson and Seymour proved that one can decide in polynomial 
time the existence of a cr-linkage in graphs of bounded directed tree width [3T] , 
while the counting version of this problem was not addressed. Since a linkage 
can be easily expressed by a monadic second order formula tp^ and since it is 
by definition the union of k directed paths. Theorem [TTT] immediately implies 
that we can count the number of subgraphs of G that are cr-linkages in time 
/((^,,z,fc)-nO(-fc). 

— How many planar subgraphs of G are the union of k directed paths? 

Kuratowsky- Wagner's Theorem says that a graph is planar if and only if it 
contains neither nor 3 as a minor. Since the non-existence of minors can 
be expressed by a MSO formula 95, by Theorem ll.ll we may count the number of 
planar subgraphs of G that are the union of k not necessarily disjoint paths in 
time f{(p, z, fc) •n'^^^ '^-'. More generally, Robertson and Seymour's graph minor 
Theorem states that any minor closed graph property V is characterized by 

^ A digraph H is the union of k directed paths ii H = U,f=iPi for not necessarily vertex- 
disjoint nor edge-disjoint directed paths. 



a finite set T of forbidden minors [21]. Since the non-existence of the minors 
in T can be expressed by a monadic second order formula ip^^ Theorem 11.11 
imphes that we can determine the number of subgraphs of G that satisfy V 
and arc the union of k directed paths in time f{(pj^, z, k) ■ n'~'^^'''\ 
— How many r-round-3-colorable subgraphs of G are the union of k di- 
rected paths? The formulas ipa- and ipjr from the examples above are already 
able to model a vast number of interesting counting problems. However both 
of these formulas can be written with two quantifier alternations. As Matz 
and Thomas have shown however, the monadic second order alternation hier- 
archy is infinite [35]. Additionally Ajtai, Fagin and Stockmeyer showed that 
each level r of the polynomial hierarchy has a very natural complete problem, 
the r-round-3-coloring problem, that belongs to the r-th level of the monadic 
second order hierarchy (Theorem 11.4 of [1 ). Thus by Theorem 11.11 we may 
count the number of r-round-3-colorable subgraphs of G that are the union of 
k directed paths in time /{fr, z, k) ■ n'-"^'''^\ 

2 Comparison With Existing Work 

Since the last decade, the possibility of lifting the metatheorems in |13l2j to the 
directed setting has been an active line of research. Indeed, following an approach 
delineated by Reeds [3^ and Johnson, Robertson, Seymour and Thomas [5T| . 
several digraph width measures have been defined in terms of the number of cops 
needed to capture a robber in a certain evasion game on digraphs. From these 
variations we can cite for example, directed tree width [37131) . DAG width [6], 
D- width [38127 '. directed pathwidth [5, entanglement [7l8], Kelly width [30] and 
Cycle Rank [l9|,29^ . AU these width measures have in common the fact that DAGs 
have the lowest possible constant width (0 or 1 depending on the measure) . Other 
width measures in which DAGs do not have necessarily constant width include 
DAG-depth [12], and Kenny-width [^ . 

The introduction of the digraph width measures listed above was often accom- 
panied by algorithmic implications. For instance, certain linkage problems that 
are NP-complete for general graphs, e.g. Hamiltonicity, can be solved efficiently 
in graphs of constant directed tree width [31) . The winner of certain parity games 
of relevance to the theory of /x-calculus can be determined efficiently in digraphs 
of constant DAG width [6], while it is not known if the same can be done for 
general digraphs. Computing disjoint paths of minimal weight, a problem which 
is NP-complete in general digraphs, can be solved efficiently in graphs of bounded 
Kelly width. However, except for such sporadic successful algorithmic implications, 
researchers have failed to come up with an analog of Courcelle's theorem for graph 
classes of constant width for any of the digraph width measures described above. 
It turns out that there is a natural barrier against this goal: It can be shown 
that unless all the problems in the polynomial hierarchy have sub-exponential 
algorithms, which is a highly unlikely assumption, MSO2 model checking is in- 
tractable in any class of graphs that is closed under taking subgraphs and whose 
undirected tree width is poly- logarithmic unbounded [32133] . An analogous result 
can be proved with respect to model checking of MSOi properties if we assume a 
non-uniform version of the extended exponential hypothesis [24 23^. All classes of 



digraphs of constant width with respect to the directed measures described above 
are closed under subgraphs and have poly-logarithmicahy unbounded tree-width, 
and thus fall into the impossibility theorem of [ 32,33j . It is worth noting that Cour- 
celle, Makowsky and Rotics have shown that MSOi model checking is tractable 
in classes of graphs of constant clique- width |15I16| . and that these classes are 
poly-logarithmic unbounded, but they are not closed under taking subgraphs. 

We define the zig-zag number of a digraph G to be the minimum z for which 
G has a z-topological ordering, and denote it by zn(G). The zig-zag number is a 
digraph width measure that is closed under taking subgraphs and that has inter- 
esting connections with some of the width measures described above. In particular 
we can prove the following theorem relating the zig-zag number with the directed 
pathwidth. 

Theorem 2.1. Let G be a digraph of directed pathwidth d. Then G has zig-zag 
number z < 2d -|- 1 . Furthermore, given a directed path decomposition of G one can 
efficiently derive a z-topological ordering of G. 

Theorem 12.11 legitimizes the algorithmic relevance of Theorem 11.11 since path- 
decompositions of graphs of constant directed pathwidth can be computed in poly- 
nomial time [39j . The same holds with respect to the cycle rank of a graph since 
constant cycle-rank decompositiontH can be converted into constant directed-path 
decompositions in polynomial time |28|. Therefore all the problems described in 
Section [1] can be solved efficiently in graphs of constant directed pathwidth and in 
graphs of constant cycle rank. We should notice that our main theorem circum- 
vents the impossibility results of [32133124123) by confining the monadic second 
order logic properties to subgraphs that are the union of k directed paths. Thus 
within our framework we cannot for instance express problems that are already 
NP-complete for DAGs such as 3-colorability of the whole digraph G, nor finding 
a maximal di-cut of the whole digraph. However what we are indeed allowed to do 
is to ask how many 3-colorable subgraphs of G are the union of k directed paths, 
or how many subgraphs of G are the union of k directed paths and have di-cuts 
of size fc/10 for instance. 

3 Overview of the Proof of Theorem 11.11 

We will prove Theorem 11.11 within the framework of regular slice languages, which 
was originally developed by the author to tackle several problems within the partial 
order theory of concurrency [17118) . The main steps of the proof of Theorem 11.11 
are as follows. To each regular slice language C we associate a possibly infinite set 
of digraphs Cg. In Section|5]we will define the notion of 2:-dilated-saturated regular 
slice language and show that given any digraph G together with a z-topological 
ordering w = (fi, U2, Wn) of G, and any z-dilated-saturated slice language C, 
one may efficiently count the number of subgraphs of G that are isomorphic to 
some digraph in Cg ( Theorem l5.2p . Then in Section |6] we will show that given any 
monadic second order formula and any natural numbers z, k one can construct 
a z-dilated-saturated regular slice language £((/3, z, k) representing the set of all 



^ By cycle-rank decomposition we mean a direct elimination forest [25] . 



digraphs that at the same time satisfy and are the union of k directed paths 
(Theorem 16. The construction of z, k) is done once and for all for each Lp,k 
and z, and is completely independent from the digraph G. Finally, the proof of 
Theorem ll.ll will follow by plugging Theorem lG . 1 1 into Theorem l5.2l For a matter of 
clarity the proofs of several intermediate results have been shifted to the appendix. 
In the appendix we also state and prove a weighted version of Theorem 11.11 that 



can be applied to maximization/minimization problems (Theorem ID. 2p . 
4 Regular Slice Languages 

A slice S = (y, E, I) is a digraph with a special set of in-frontier vertices / C y and 
a special set of out-frontier vertices OCT/ with the restriction that each vertex 
in / U O touches a unique edge in E. Vertices belonging to C = V\{I U O) form 
the center of S. The frontier vertices in / U O are numbered by I with positive 
integers in such a way that no two vertices in the same frontier receive the same 
number. A slice Si with frontiers (/i, Oi) can be glued to a slice S2 with frontiers 
(12,02) provided Z(Oi) = 1{I2)- In that case the glueing gives rise to the slice 
Si o S2 with frontiers (/i,02) which is obtained by fusing each edge touching 
the i-th out-frontier vertex of Si with its corresponding edge touching the i-th 
in-frontier vertex of S2 (Figure [T]i). We observe that in the glueing process the 
frontier vertices disappear. On the other hand, any slice can be decomposed into a 
sequence of atomic parts which we call unit slices, namely, slices with at most one 
vertex on its center (Figure [TJi). Thus slices may be regarded as a graph theoretic 
analog of the knot theoretic braids ^3^, in which twists are replaced by vertices. 
Within automata theory, slices may be related to a vast number of formalisms 
such as graph automata [4011 ij . graph rewriting systems |12l5l20j . and others 
[26 25, 10,9J. In particular, slices may be regarded as a specialized version of the 
multi-pointed graphs defined in [20] but subject to a slightly different composition 
operation. 

In the same way that letters may be concatenated by automata to form infinite 
languages of strings, we may use automata or regular expressions over alphabets 
of slices to define infinite families of digraphs. Let Z'g'' denote the set of all unit 
slices of width at most c, i.e., such that each frontier has at most c vertices and 
whose frontiers are numbered with numbers from {1, ...,(/} for q > c. For a matter 
of simplicity we will always skip the q from the superscript and write since the 
only thing that matters is that the set of labels is finite. We say that a slice is initial 
if its in-frontier is empty and final if its out-frontier is empty. A slice with empty 
center is called a permutation slice. Each vertex in the in- frontier of a permutation 
slice is forcefully connected to a unique vertex in its out-frontier. The empty slice, 
denoted by e, is the slice with empty center and empty frontiers. We regard the 
empty slice as a permutation slice. A subset C of the free monoid (-£"!)* generated 
by is a slice language if for every sequence of slices SiS2...S„ G C we have 
that Si is an initial slice, S„ a final slice and if Si can be glued to Sj+i for each 
i € {1, ...,n — 1}. We should notice that at this point the operation of the monoid 
in consideration is just the concatenation S1S2 of slice symbols Si and S2 and 
should not be confused with the composition Si o S2 of slices. Also the unit of the 
monoid is just the empty symbol A and not the empty slice, thus the elements of 
C are simply sequences of slices, regarded as dumb letters. To each slice language 




C over we associate a graph language Cg consisting of all digraphs that are 
obtained by composing the elements of the strings in C: 

Cg = {Si o S2... o S„|SiS2...S„ e C] (1) 

However we observe that a set Cg of digraphs may be represented by several 
different slice languages, since a digraph in Cg may be decomposed in several ways 
as a string of unit slices. In the sequel we will use the term unit decomposition of a 
digraph H to denote any sequence of unit slices U — SiS2...S„ whose composition 
Si o S2 o ... o S„ yields H . We say that the unit decomposition U is dilated if it 
contains permutation slices, including possibly the empty slice (Figure [21im). The 
slicewidth of U is the minimal c for which U G (^g)*- 

A slice language is regular if it is generated by a finite automaton or regular 
expressions over slices. We notice that since any slice language is a subset of the 
free monoid generated by a slice alphabet Z'l, we do not need to make a distinc- 
tion between regular and rational slice languages. Therefore, by Kleene's theorem, 
every slice language generated by a regular expression can be also generated by a 
finite automaton. Equivalently, a slice language is regular if and only if it can be 
generated by the shce graphs defined below [T7] : 

Definition 4.1 (Slice Graph). A slice graph over a slice alphabet is a labeled 
directed graph SQ = (V,£,iS,I, T) possibly containing loops but without multiple 
edges where I CV is a set of initial vertices, T CV a set of final vertices and the 
function S : V ^ Us satisfies the following conditions: i) 5(o) is initial for every 
vertex V in I and final for every vertex V in T and ii) (01,02) € £ implies that 
iS(Oi) can be composed withS{X)2)- We denote by C{SQ) the slice language generated 
by SQ, which we define as the set of all sequences slices 5(0i)5(02) • • ■S{Vn) where 
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Fig. 1. i) Composition of Slices, ii) A unit decomposition of zig-zag number 3. The path 
1 — 2 — 3 — 4 has zig-zag number 1 while the path 1 — 4 — 2 — 3 has zig-zag number 3 Hi) 
A slice graph SQ iv) The graph language represented by SQ. Following the upper branch 
of SQ the generated graphs are cycles of size at least 3 with a protuberance. Following 
the lower branch, the generated graphs are directed lines of size at least 4. 



0i02---tin is a walk on 6ty from an initial vertex to a final vertex. Finally, we 
write Cg{S3) for the language of digraphs derived from C{SQ). 

We say that a slice graph is deterministic if none of its vertices has two forward 
neighbors labeled with the same slice and if there is no two initial vertices labeled 
with the same slice. In other words in a deterministic slice graph no two distinct 
walks are labeled with the same sequence of slices. 

5 Counting Subgraphs Specified by a Sfice Language 

A subslice of a slice S is a subgraph of S that is itself a slice. If S' is a sub-slice of 
S then we consider that the numbering in the frontiers of S' are inherited from the 
numbering of the frontiers of S. If U = SiS2...S„ is aunit decomposition of digraph 
G then a sub-unit-decomposition of U is a unit decomposition U' — S']^S2...SJ^ of 
a subgraph of G such that is a sub-slice of for 1 < z < n. We observe that 
sub-unit-decompositions may be padded with empty slices. A unit decomposition 
U = SiS2...S„ may have exponentially many sub-unit-decompositions of a given 
slice- width c. However, as we will state in Lemma WA\ the set of all such sub-unit 
decompositions of U maybe represented by a slice graph of size polynomial in n. 

Lemma 5.1. Let G he a digraph with n vertices, U ~ SiS2...S„ he a unit de- 
composition of G of slicewidth q and let c G N be such that c < q. Then one can 
construct in time n-q'-"-^'^^ an acyclic and deterministic slice graph Sl/IB'^{XJ) on n-q"^ 
vertices whose slice language C{SUB'^(U)) consists of all suh unit- decompositions 
of U of slicewidth at most c. 

Let uj — {vi,V2, ■■■,Vn) be a linear ordering of the vertices of a digraph H. 
We say that a dilated unit decomposition U = SiS2...Sm of H is compatible 
with Lo if Vi is the center vertex of Sj. for each i € {!,..., n} and if ji > ji-i 
for each i G — 1}. Notice that for each ordering uj there might exist 

several unit decompositions of H that are compatible to w. If w is a z-topological 
ordering of a digraph G and if U is a dilated unit decomposition of G that is 
compatible with lj, then we say that U has zig-zag number z. The zig-zag number 
of a slice language C is the maximal zig-zag number of a unit decomposition in C. 
If a dilated unit decomposition U has zig-zag number z then any of its sub-unit 
decompositions has zig-zag number at most z (Proposition IB . 1 P . Thus the zig-zag 
number of C{SUB'^{\J)) is at most z. 

Proposition 5.1. Let 1] he a unit decomposition of zig-zag numher z. Then any 
suh-unit- decomposition in C{SUB'^{XJ)) has zig-zag numher at most z. 

A slice language C is z-dilated-saturated, if C has zig-zag number at most z 
and if for every digraph H £ Cg, every z-topological ordering uj oi H and every 
dilated unit decomposition U of iJ that is compatible with ui we have that U G £. 
We should emphasize that the intersection of the graph languages generated by 
two slice graphs is not in general reflected by the intersection of their slice lan- 
guages. Indeed, it is easy to define slice languages C, C for which Cg ^ Cg but 
for which £ H C = 0! Additionally, a reduction from the Post correspondence 
problem |36' established by us in 1171 implies that even determining whether the 



intersection of the graph languages generated by shoe languages is empty, is un- 
decidable. However this is not an issue if at least one of the intersecting languages 
is 2-dilated-saturated, as stated in the next proposition. 

Proposition 5.2. Let C and C be two slice languages over Eg, such that C has 
zig-zag number z and such that £' is z-saturated. If we let = jC Ci C, then 

A slice S with in-frontier / and out-frontier O is normalized if the vertices 
in / are injectively numbered in such a way that 1{I) = {1, |/|} and if the 
vertices in O are injectively numbered in such a way that l{0) = {1,...,|0|}. 
If S' is a normalized slice of slice-width c with in-frontier / and out-frontier O 
then a q-numbering of S for g > c is a pair of functions in : I ^ {!,..., g}, 
out : O — >■ {1, ...,0'} satisfying the constraint that for each two vertices v,v' G I, 
l{v) < l{v') implies in{l{v)) < in(l{v')) and for each two vertices v,v' € O, 
l{v) < l{v') implies out{l{v)) < out{l{v'j). We let {S, in, out) denote the slice 
obtained from S by renumbering each frontier vertex v G I with in{l{v)) and each 
out frontier vertex v E O with the out{l{v)). The g-mimbcring-expansion of a nor- 
malized slice S is the set M{S) of all g-numberings of S. Let ^ = {V,£,S,I,T) 
be a slice graph over Eg. Then the g- numbering expansion of SQ is the slice 
graph 7V«(6^) = {V ,£' ,S' ,T ,T') defined as follows. For each vertex G V and 
each slice (S(o),m, out) G A/''(<S(d)) we create a vertex Oi„,out in V and label it 
with {S, in, out). Subsequently we connect t),„,out to t)-„, ^^j, if there was an edge 
(o, d') e S and if (S, in, out) can be glued to (S', in', out'). 
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Fig. 2. i) A digraph G and a subdigraph H of G ii) A normalized unit decomposition 
of G Hi) An unormalizcd dilated unit decomposition of H. S3 is a permutation slice 
iv) Some sub-slices in SUBN{S2) and in SUBAf{S3) and how they are connected, v) A 
normalized slice (leftmost slice) and its 3-numbering expansion (all slices together) . 



Theorem 5.1. Let G be digraph, U = SiS2...S„ be a unit decomposition of G 
of slicewidth q and zig-zag number z, Sy be a z- dilated- saturated slice graph over 
andM'^{Sy) be the q-numbering expansion of SQ . Then the set of all sub-unit- 
decompositions of U of slice-width at most c whose composition yields a graph 
isomorphic to some graph in Cg{SQ) is represented by the regular slice language 

Theorem 5.2 (Subgraphs in a Saturated Slice Language). Let G be a di- 
graph of cut-width q with respect to a z-topological ordering uj = (wi, U2, Wn) 
of its vertices, and let SQ be a deterministic z- dilated- saturated slice graph on r 
vertices over the slice alphabet S^. Then we may count in time r'-'^^'^ ■ n^^^^ ■ 
the number of subgraphs of G that are isomorphic to some subgraph in Cg{SQ). 

Proof. Let U = SiS2...S„ be any unit decomposition tliat is compatible with 
oj, i.e., such that vi is the center vertex of S^ for i = l,...,n. Clearly such 
a unit decomposition can be constructed in polynomial time in n. Since SQ is 
dilated saturated, by Theorem 15.11 the set of all subgraphs of G that are iso- 
morphic to some digraph in Cg{SQ) is represented by the regular slice language 
CiSUB^iU)) n C{N''{SQ)). By Lemma[5lI]5Wi3'=(f/) has n ■ q^'^"'^ vertices and can 
be constructed within the same time bounds. The numbering expansion JV^{SQ) 
of SQ has {olc}) ■ — r ■ q'-"--^^ vertices and can be constructed within the 
same time bounds. Let 3Q^ = Af'^{SQ) D SUB''{XJ)) be the slice graph generating 
C{Af'^ (SQ)) D C{SUB''{'U)). Since SQ'^ can be obtained by a product construction, 
it has r ■ n ■ g'^f'^) vertices. Since SUB'^{XJ) is acyclic, SQ^ is also acyclic. There- 
fore counting the subgraphs in G isomorphic to some graph in Cg{SQ) amounts 
to counting the number of simple directed paths from an initial to a final vertex 
in 6^*^. The label of each such a path identifies unequivocally each such a sub- 
graph. By standard dynamic programming we can count the number of paths in 
a DAG from a set of initial vertices to a set of final vertices in time polynomial on 
the number of vertices of the DAG (Proposition IB.2p . Thus we can determine the 
number of subgraphs of G that are isomorphic to some digraph in C{SQ) in time 

^0(l)j^O(l)^0(c)_ □ 

6 Subgraphs Satisfying a given MSO property 

In this section we will only state the necessary definitions to state Theorem 16.11 
which will be a crucial step in the proof of Theoreni ll.il For an extensive account 
on the monadic second order logic of graphs we refer the reader to the treatise [T4] 
(in special Chapters 5 and 6). As it is costumary, we will represent a digraph G by 
a relational structure G — {V, E,s,t,lvjE, dir) where F is a set of vertices, E a set 
of edges, s,t C E x V are respectively the source and tail relations, ly QV x Ey 
and Ie X Se are respectively the vertex-labeling and edge-labeling relations 
and dir C £' is the orientation relation. We give the following semantics to these 
relations: s(e,w) and t{e,v') are true if v and v' are respectively the source and 
the tail of the edge e; ^(u, a) is true if v is labeled with the symbol a e Sy while 
lEie,b) is true if e is labeled with the symbol b G Se- Finally, dir{e) is true if 
e is a directed edge and false if it is undirected. If e is directed then we assume 



that it is oriented from its source to its tail, while if e is undirected, we simply 
disregard the orientation of e. In this way we do not view an undirected edge as 
a pair of edges with opposite orientations. Let {x, j/, z, zi,yi, zi, ...} be an infinite 
set of first order variables and {X, Y, Z, Xi, Yi, Zi, ...} be an infinite set of second 
order variables. Then the set of MSO2 formulas is the smallest set of formulas 
containing: 

— the atomic formulas x E X, V{x), E{x), s{x,y), t{x,y), lvix,a) for each 
a £ Sy, Ie{x, h) for each 6 G Se, 

— the formulas ip V ip, ^ip, 3x.ip{x) and 3X.ip{X), where (p and "0 are MSO2 
formulas. 

If A" is a set of second order variables, and G = {V, E) is a graph, then an 
interpretation of X over G is a function M : X ^ 2^ that assigns to each variable 
va. X sl subset of vertices of V . The semantics of a formula </3(A') over free variables 
X being true on a graph G under interpretation M is the usual one. A sentence 
is a formula Lp without free variables. For a sentence (p and a graph G, if it is the 
case that tp is true in G, then we say that G satisfies ip and denote this hy G \= ip. 
The main theorem of this section establishes a connection between MSO2 and 
z-dilated-saturated regular slice languages. 

Theorem 6.1. For any MSO2 formula ip and any k,z E N , one may effectively 
construct a z-dilated-saturated slice graph SS{(p, k, z) over the slice alphabet Sg^ 
whose graph language Cg{iSQ{ip, k, z)) consists precisely of the digraphs of zig-zag 
number at most z that satisfy ip and that are the union of k directed paths. 

Finally we are in a position to prove Theorem ll.il The proof will follow from 
a combination of Theorems 16.11 and 15.21 

Proof of Theorem 11.11 Given a monadic second order formula ip, and positive 
integers k and z, first we construct the dilated-saturated slice graph ^{ip,z,k) 
over E^'^ as in Theorem 16. II Since the slicewidth of a digraph is at most 0{n^) if 
we plug q = 0(n?), r = \SQ{p, z,k)\ and SQ{f,z,k) into Theorem 15.21 and if we 
let /((^, z, k) ~ r'^(^\ then we get an overall upper bound of /((^, z, k) ■ n'-''^^'^^ for 
computing the number of subgraphs of G that satisfy Lp and that are the union of 
fc-directed paths. □ 

7 Conclusion and Open Problems 

In the present work we have employed slice theoretic techniques to infer the 
polynomial-time solvability of many natural combinatorial questions on graphs 
of constant directed pathwidth and graphs of constant cycle-rank. Thus our re- 
sults shed new light into a field that has resisted algorithmic metatheorems for 
more than a decade. We have done so by using the zig-zag number of a digraph as 
a point of connection between these directed measures, regular slice languages and 
the monadic second order logic of graphs. It turns out that the zig-zag number 
of a digraph seems to be worth studying on its own. In particular it would be 
interesting to determine whether there is a characterization of the zig-zag num- 
ber of a graph in terms of cops and robber games. Such a characterization could 



give us some insight on the precise complexity of computing the zig-zag number 
of a digraph, and on the relationship between zig-zag number and most of the 
digraph width measures described in Section [2] It would be interesting to deter- 
mine whether zn{G) is equivalent to directed pathwidth up to a constant factor 
or whether there are graphs of constant zig-zag number and unbounded directed 
pathwidth. 
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A Proof of Theorem 12.11 



Let G = (y, E) be a digraph. Then a directed path decomposition of G is a 
sequence V — Xi,X2, Xp C V subsets of vertices of G such that i) U^^^Xj — 
V, a) for every i, j, fc with i < j < k, Xi r\ Xk Q Xj and Hi) for every directed 
edge (m, v) € E, there exists a pair i, j of indexes with i < j such that u G Xi and 
u G Xj. The width of 7^, denoted dpw{G,V) is the size of the largest set in V. 
The directed pathwidth of G, denoted dpw{G) is the minimal value of dpw{G,V) 
where V ranges over all path decompositions of G. In this subsection we will prove 
Theorem 12.11 which states that constant directed pathwidth implies constant zig- 
zag number. 

Before proving Theorem 12. II we will first define another digraph measure, the 
directed vertex separation number (d.v.s.n.) of a digraph. Let uj — (wi, W2, Vn) be 
a linear ordering of the vertices of a digraph G. Then the directed vertex separation 
number of G with respect to w, denoted by dvsn[G,ijj), is the maximal number of 
vertices in {vi, Wi+i, Vn} that have a successor in {vi, Wi-i} for some i. 

dvsn{G, uj) = max \ {vj\{vj,Vk) G E,j > i,k < i}\ (2) 

i 

The directed vertex separation number of a digraph G, denoted by dvsn{G), is 
the minimal value of dvsn{G,uj) among all linear orderings of the vertex of G. It 
can be shown that the d.v.s.n. of a graph is equal to its directed pathwidth [42] . 
and that given a linear ordering w of G of d.v.s.n. equal to d, one can construct 
efficiently a directed path decomposition of G of width d, and vice versa. Addi- 
tionally, given a positive integer d, one may determine in time 0(mn''+^) whether 
G has an ordering lo satisfying dvsn{G, uj) < d, and in case it exists, return it in 
the same amount of time [3^. Therefore to prove Theorem l2.1l it is enough to show 
that any ordering of G of dvsn(G) — d has zig-zag number at most 2d + 1. 

Proof of Theorem 12.11 Let G be a digraph of directed pathwidth d. Then it 
follows from [42 that there exists a linear ordering w — (wi, w„) of the vertices of 
G such that of direct vertex separation number d. Therefore for any i € {l,...,n— 1} 
we have that there are at most d vertices Wj^, Vj^ in V[i..n\ — {ui, u„} which 
are the source of an edge with target in V[l, i — 1] = {vi, Vi-i}. This implies 
that for any path p of G there are at most d edges of p going from V[i, ...,n] to 
V[l, ...,n — 1]. But this by its turn implies that there are at most d+1 edges of p 
going in the oposite direction, from V[l, n — 1] to V[i, n]. Therefore the cut 
width of p w.r.t. w is at most 2d+ 1. □ 

B Proofs of Results from Section [5] 

Proposition B.l. Let H — {V,E) be a digraph, and uj = (vi,V2, ■■■,Vn) be a 
z-topological ordering of H of cut width c. 

1. If H' is a subgraph of H and lo' is the restriction of uj to the vertices of H' , 
then 

(a) H' has cut-width at most c w.r.t. uj' . 



(b) uj' is a z -topological ordering of H' . 

2. The zig-zag number z is at most the cut-width c. 

3. If H' = (V, E') is any digraph with same set of vertices as H and if H' has 
cut-width c' with respect to co then H U H' has cut-width at most c-\- c' with 

respect to lj. 

4- Let {pi,P2, ■■■,Pk} be a set of not necessarily edge disjoint nor vertex disjoint 
paths of H such that H = {J^^i Pi- Then c< k ■ z. 

Proof, la) Since H has cut width c with respect to w, we have that there are at 
most c edges with one endpoint in ...,Vi} and other endpoint in {vi+i, ...,Vn} 
for each i with 1 < i < n — 1. Therefore there are at most c edges with one 
endpoint in V{H) n {vi, ...,Vi} and other endpoint in {vi+i, ■■■,Vn} for each such 
an i. Implying in this way that H has cut-width at most c w.r.t the ordering uj' 
induced by co. lb) Since uj is a z-topological ordering of H, any path of H has 
cut-width at most z w.r.t. the restriction cOp of w to the vertices of p. Since any 
path p' of H' is a sub-path of some path p oi H, by item l.a p' has cut- width at 
most z with respect to the ordering Wp/ induced by ujp (and consequently by uj') 
on the vertices of p' . 2) The proof is by contradiction. Suppose z > c. Then there 
exists a path pin H that has cut-width z with respect to the restriction co' of co to 
the vertices of p. Since p is a subgraph of H, by item la, z < c contradicting the 
assumption that z > c. 3) For any i such that 1 < i < n — 1, there exist at most 
c edges of H with one endpoint in {vi, Vi} and other endpoint in {vj+i, Vn}- 
Analogously there are at most c' edges of H' with one endpoint in {vi, and 
other endpoint in {uj+i, ...,Vn}- Therefore there are at most c + c' edges of HUH' 
with one endpoint in {vi, ...,Vi} and other endpoint in for each such 

an i. Thus H L) H' has cut- width at most c + c'. 4) Since cj is a z-topological 
ordering of H, each path p of H has cut-width at most z with respect to ui. Since 
H = Di^iPi for paths pi, ...,Pk, by item 3 of this proposition, c < k ■ z. D 

Proposition B.2 (Counting Paths in a DAG). Let V = {V,E) be a DAG on 

n vertices and let S and T be two arbitrary subsets of V. Then one may count the 
number of distinct simple paths from S to T in time O(n^). 

Proof. We start by adding a vertex vq to V and connecting it to each vertex in S. 

Similarly, we add a vertex Vf to G and add a directed edge from each vertex in T 
to Vf. We will assign weights for each vertex of G. For each v G V U {vq, «/}, the 
weight 'w{v) will count the number of paths from v to Vf. Indeed we will define a 
sequence of functions wa,wi, Wh which will converge to w when h is greater or 
equal to the height of T>, i.e., the size of the longest path from vq tovf. Initially, we 
will set wo{vf) = 1 and wo{v) = for all other vertices in V U {vq}- Subsequently, 
for each v ^ VU {vq}, let N~^{v) be the set of all forward neighbors of v. Then set 
Wi{v) = X)„/gjv+(t)) for i > 1. By induction on the height of V, we have 

that for each v G V D {vq}, the weight Whiv) represents precisely the number of 
simple paths from v to Vf. In particular w/i(i'o) represents the number of simple 
paths from vq to Vf which is equal to the number of simple paths from S to T. 
Therefore, let w{v) = Whiv) for each v €V. 



Proof of Proposition 15.21 The inclusion '!= Cg H C'g holds for any two slice 
languages C and C irrespectively of whether they are saturated or not: Let H 
be a digraph in Cg. Then H has a unit decomposition U = SiS2...S„ in £ n C . 
Since V e C, H e Cg and, since V e C, H e C'g. Thus C2 ^ Cg n C'g. Now we 
prove that if C is saturated the converse inclusion also holds: Let H he a. digraph 
in Cg n C'g. Since C has zig-zag number z, there exists a unit decomposition 
U = SiS2...S„ of H of zig-zag number z in C. Since C is z-saturated any unit- 
decomposition of H of zig-zag number at most z is in C , and in special U G 
Therefore \J e C^ = Cn C Sind H e C^- O 

Proof of Lemma 15. II The slice graph SUB''(U) = {V,£,S,1,T) is constructed 
as follows: For each slice Si S U (recall again that Si belongs to not in S^, 
and that 5 > c) we let SUBAf'^{Si) be the set of all numbered sub-slices of Si of 
slicewidth at most c (Figure [21 w), including slices with empty in- frontier, empty 
out-frontier or both (this last case embraces both the empty slice and slices with a 
unique vertex in the center and no frontier vertex) . We should pay attention to the 
fact that the numbering of the frontier vertices of each such a subslice is inherited 
from the numbering of Si, as illustrated in figure [HiM, and thus these subslices 
are not necessarily normalized. This observation is crucial and will play a role in 
the fact that SUB'^{XJ) is deterministic. For each such a sub-slice S G SUBJ\f'^{Si) 
(now S e S^) we add a vertex Oi^s to V and label it with S (i.e., S{Vi,s) = S 
). Subsequently we add an edge (o^.s, ^j,S') if E^nd only if j = z -I- 1 and if S can 
be glued to S' respecting the numbering of the touching- frontier vertices. Observe 
that a slice with empty out-frontier can always be glued to a slice with an empty 
in-fronticr. This last observation allows us to represent some unit decompositions 
of disconnected sub- graphs. The initial vertices in I are the vertices labeled with 
the sub-shces of ShiBJV^{Si) with empty in-frontier (including the empty slice), 
while the terminal vertices in T are those labeled with slices from SUBAf' {Sn) 
with empty out-frontier. We observe that all the dilated sub-unit-decompositions 
generated by SL(B'^{XJ) will have length n, irrespectively of the size of the subgraph 
of G that each of them represents. Therefore each such a sub-unit decompositions 
will be potentially padded with sequences of empty slices to its left and right. Now 
it should be clear that a sequence U — S'j^S2...SJj is a sub-unit decomposition of 
U = SiS2...S„ if and only if there exists a sequence Di.s'jD2.s^---0n,s;^ labeled with 
U. Therefore the slice language C{SUB'^{XJ)) represents precisely the set of sub- 
unit decompositions of U of slicewidth at most c. As mentioned above, SUB'^{'U) 
is determistic. This fact is guaranteed by the fact that even if a vertex in SUB'^ (TJ) 
has two forward neighbors labeled with slices carrying the same structure, their 
frontiers will forcefully have distinct numberings, and thus will be considered dif- 
ferent. Finally, the construction we just described can be realized in time ng*^^'^^ 
since there are at most (q'^-j) subslices of each slice Si and we only connect vertices 
in SUB'^iXJ) labeled with neighboring subslices. □ 

Proposition B.3. Let <SQ be a slice graph. Then a dilated unit decomposition 
U = SiS2...S„ belongs to C{Sy) if and only if the unit decomposition U' = 
(Si, mi, ouii)(S2, m2, out2)...{Sn, oui„) belongs to C{N'' [SQ)) for a set of pairs 
of functions {{ini,outi)]i where {ini,outi) is a q-numbering of Si. 



Proof of Theorem 15.11 Let H he a. digraph on k vertices and assume that iJ is a 
subgraph of G which is isomorphic to a digraph in Cg{<SS)- Since _ff is a subgraph 
of G, there is a dilated unit decomposition U' = S'iS'2...S',-i^ that is a sub-unit 
decomposition of U. By Proposition 15.11 1. U' has zig-zag number at most z, and 
therefore U' is compatible with some z-topological ordering of w = (wi, V2, ■■■,Vk) 
of the vertices of H. Now notice that the slices S'^ are not normalized. Therefore 
there exist a normalized unit decomposition U" = S'/Sj --.S" of H such that = 
(S", iui, outi) for some g-numbering (m.i, outi) of S". Since 6^ is dilated saturated, 
H € Cg (SQ) and U" also has zig-zag number z, we have that U" G C{<SQ). Thus by 
Proposition lEl U' e /:(A/'«(6^)), and therefore U' e C{SUB'{U)) H CiAf^i^)). 
Conversely, assume that the numbered dilated unit decomposition 

U' = {Si,ini,outi){S2,in2,out2)-.-{S'^,inn,outn) 

of the digraph H belongs to the shce language £(5WS'=(U))n/:(7V*(6^)). Then by 
proposition IB. 31 the unit decomposition U" — S"S2...S" belongs to SQ and since 
U" is also a unit decomposition of H, we have that H e Cg{SQ). Since by Lemma 
15.11 all unit decompositions in C{SUB'^i\5)) are sub-unit decompositions of U we 
have that is a subgraph of G. Therefore H \s a. subgraph of G isomorphic to a 
digraph in Cg{SQ). □ 

C Proof Of Theorem EH] 

In the composition Si o S2 of slices defined in Section |4l both the out-frontier 
vertices of Si and the in-frontier vertices of S2 disappear, since they are not 
meant to be part of the structure of the composed graph. In this section how- 
ever, it will be more convenient to consider a slightly different composition of 
slices. In this composition, which we denote by Si © S2 we simply add an edge 
from each out- frontier vertex of Si to its corresponding equally numbered in- 
frontier vertex in S2. Indeed we will represent the existence of such an edge 
by a predicate ConsecutiveFrontiers{u,u') which will be true whenever u be- 
longs to the out-frontier of a slice S, u' belongs to the in- frontier of a consecu- 
tive slice S' and they have the same number. By consecutive slices we mean two 
slices that appear in consecutive positions in a slice string. We notice that the 
edge relation of graphs that arise by gluing slices according to the first compo- 
sition can be recovered from the edge relation of the graphs that arise if they 
were composed using 0. More precisely, let G° = {V°,E°,s°,t°,l^,l°^,dir°) = 
Si o S2 o ... o S„ and G® = {V® , E® , s® ,t® dir®) = Si © S2 © ... © S„. 

Then we define the formula s° {X, Y) to be true if and only if X is the set 
of edges of a path voeiUiu[e2U2U2--.Uk-iu'i^_-^ekVe in G® such that Y — {vq}, 
is not a frontier vertex, and ConsecutiveFrontiers{ui,u[) holds for every i 
with 1 < i < k — \. Analogously, F) is true if X is the set of edges of a 

path VQeiUiu'ie2U2u'2.-.Uk-iu'f,_^ekVe in which Y = {v^}, vi is not a frontier ver- 
tex and ConsecutiveFrontiers{fi, fl) for all all intermediary vertices Ui,u'^ with 
1 < * < k — 1. The existence of such a path can easily be expressed in MSO2 . 
Observe that the way in which slices are composed and the way in which slice 



graphs are defined will guarantee that for any two non- frontier vertices vi,Vk+i 
there exists at most one path VQeiuiu'ie2U2u'2---Uk-iu'^_iekVe such that all inter- 
mediary vertices are frontier vertices. Therefore each edge in G° will correspond 
to exactly one such a path in G® and vice versa. Analogously, the relations Zy, 1°^ 
and dir° can be easily simulated in terms of MSO2 formulas involving Z®, I® and 
dir®. 

Without loss of expressiveness, one may eliminate the need to quantify over 
first order variables HT] . This will be in useful to reduce the number of special cases 
in the proof of Lemma lC . 1 1 below. The trick is to simulate first order variables via a 
second order predicate singleton{X) which is interpreted as true whenever |X| = 1 
and as false otherwise. To avoid a cumbersome notation, whenever we refer to a 
variable X as being a single vertex or edge, we will assume that singleton{X) is 
true. Since we will deal with slices, it will also be convenient to have in hands a 
relation frontier(X) which is true if and only if X represents a frontier vertex, 
and a relation samefrontier(X, Y) which is true if X and Y represent vertices in 
the same frontier of a slice. More formally, let be a set of vertex labels, Ee be 
a set of edge labels, {X, F, Xi, Yi , ...} be an infinite set of second order variables 
ranging over sets of vertices and let <p{X) denote a formula with free variable X. 
Then the set of MSO2 formulas over directed graphs is the smallest set of formulas 
containing: 

- the atomic formulas, V{X), E(X), singleton{X), X CY, s{X,Y), t{X,Y), 
dir{X), lv{X,a) for each a £ Sy, lE{X,b) for each b £ Ee, frontier{X) and 
sameFrontier{X , Y); 

— the formulas (p\/ip, fhij^, and 3X(f{X), where ip and if) are MSO2 formulas. 

Now we follow an approach that is similar to that used in |41|34j but lifted 
in such a way that it will work with slices. Let (/? be a MSO2 formula with k free 
second order variables X = {^i, ...,Xfe} and S be a unit slice with r vertices and 
r' edges (including the frontier vertices). We represent an interpretation of X in 
S as a X (r + r') boolean matrix M whose rows are indexed by the variables in 
X and the columns are indexed by the vertices and edges of S. Intuitively, we set 
Mij = 1 if and only if the vertex or edge of S corresponding to the j-th column 
of M belongs to the «-th variable of ip. In this setting a sequence MiM2..M„ of 
interpretations of a unit decomposition SiS2...S„, in which Mi is an interpretation 
of Si, provides a full interpretation of the graph Si ® S2 © ... © S„. Let be the 
slice alphabet of width c. We define the interpreted extension of to be the 
alphabet 

r^"^ = y S'* where S'* = {(S, M)\M is an interpretation of X over S}. 

Now we are in a position to prove a crucial Lemma. For each formula ip over a 
set of free variables X we will define a regular subset £'§''^) of the free monoid 
generated by satisfying the following property: A string 

(Si,Mi)(S2,M2)...(S„,M„) e (Z-g"'^)* 



belongs to £((/?, S^' ) if and only if the digraph G = Si © S2 ® ... ® S„ satisfies 
ip{X) with interpretation MiM2...M„. 

Lemma C.l. For any MSO2 sentence ip over digraphs and any c € TV, the set 
C(ip, S^) of all slice strings SiS2.-.Sfe over such that Si o S2 o ... o S^ = G and 
G \= if is a regular subset of (Sg)*. 

Proof. By the discussion above we start by replacing each occurrence of the atomic 
formulas s{X,Y), t{X,Y), ... in ip by the atomic formulas s°{X,Y), t°{X,Y),... 
so that we can reason in terms of the composition © instead of in terms of the 
composition o. Let S, = {Vi,Ei,Si,ti,lvi,lEi,diri). First we will construct a finite 
automaton which accepts precisely the interpreted strings 



for which G = Si © S2 © ... © S„ |= <p with interpretation Mi,M2, ...,Mn of X 
over G. The proof is by induction on the structure of the formula. It is easy to see 
that the atomic formulas V{X), E{X), singleton{X), X CY, dir{X), iy. (X, a), 
lEi{X) = b for each a e Sy and b G Se, can be checked by a finite automaton. 
For instance, to check whether X, C Xj holds in (Si, Mi)(S2, M"2)...(S„, M„), 
the automaton verifies for each interpretation Mk with 1 < k < n and for each 
column I of Mk, that whenever {Mk)u = 1 then {Mk)ji = 1. To determine whether 
s®{X, Y) (or t{X, Y)) is true, first check whether X, Y arc singletons. If this is not 
the case, reject. Otherwise let X be interpreted as {e} and Y as {v}. Then accept 
either if e and v belong to the same slice and if Si{e,v), which can be done by 
table lookup. To determine whether ConsecutiveFrontiers(X,Y) is true, check 
whether X and Y are singletons, X, belongs to the out-frontier of a slice and Y 
to the in-frontier of a consecutive slice. Disjunction, conjunction and negation are 
handled by the fact that DFAs are effectively closed under union, intersection and 
complement. In other words, 



To eliminate existential quantifiers we proceed as follows: For each variable X, 



the row corresponding to the variable X deleted. Extend Projx homomorphically 
to strings by applying it coordinatewise, and subsequently to languages by applying 
it stringwise. Then set 



(Si,Mi)(S2,M2)...(S„,M„) e (r^"^) 



(3) 




£{3X^{X),S', 



,c,X\{X} 

'S 



Notice that even though homomorphisms in general do not preserve regularity, 
in the case of projections of symbols as defined above, this is not an issue. In 



particular one can obtain a DFA A accepting C{3Xip{X,X:l_'^^^) from a DFA 
A' accepting i7g''*) by simply replacing each symbol (S,Af) appearing in a 
transition of A by the symbol {S,M\X). At the end of this inductive process, 
all variables will have been projected, since ip is a sentence. Thus the language 
>C((y5, S^) will accept precisely the slice strings whose composition yield a digraph 
that satisfies ip. As a last step in our construction, we eliminate illegal sequences 
of slices, from the language generated by our constructed automaton, we intersect 
it with another automaton that rejects precisely the sequences of slices SiS2...S„ 
in which two slices that cannot be composed appear in consecutive positions. □ 

Lemma fC . 1 1 gives a slice theoretic analog of Courcelle's model checking theorem: 
In order to verify whether a digraph G of existential slicewidth at most c satisfy a 
given MSO property ip, one just needs to find a slice decomposition U — SiS2...S„ 
of G and subsequently verify whether the deterministic finite automaton accepting 
C{(p, 'S's"^) accepts U. However the goal of the present work is to make a rather 
different use of Lemma IC.ll Namely, in Theorem 16.11 we will restrict Lemma IC.ll 
in such a way that it generates only regular 0-saturated slice languages, so that it 
can be coupled to Theorem 15.21 

For a matter of clarity, from now on we will relax our MSO2 language and 
use lower case letters whenever referring to single edges and vertices. Let the 
predicate PathVertices{X) be true whenever X is the set of vertices of some 
path, PathEdgesiY) be true whenever Y is the set of edges of some path and the 
Path{X, Y) be true whenever X is the set of vertices and Y the set of edges of the 
same path. Then the fact that a unit decomposition 8182... S„ has zig-zag width 
at most z can be expressed in MSO2 as 

ZigZagiz) = (VX)(V?/i, j/2, y^+i) 

[PathV ertices{X) /\ /y^Ui G AT Vi^j ~^Samefrontier{yi, yj)] 
Basically it says that if X is the set of vertices of a path and if y^+i are 

z + 1 vertices in this path then at least two of them belong to different frontiers. 
We say that a digraph G is /c-path-unitable if there is a set of not necessarily edge 
disjoint nor vertex disjoint paths {pi, ■■■,Pk} such that G = {y,E) = yJ^^iPi- The 
fact that a graph G is /c-path-unitable can be expressed by the formula 

Unitable{k) = (3Ai, A^, Fi, 

[V C U, A, A ^ C U, Y, A A, Path{X,, Y,)] 

Proof of Theorem 16.11 Let (p' — (p A ZigZag{z) A Unitable(k). By Lemma fC. 11 
there is a regular slice language over S^'^ generating all unit decompositions 

over S^'^ whose composition yields a graph G satisfying ip' , and in particular (p. 
Since the factor Unitable{k) is present in all these graphs can be cast as the 
union of /c-paths. Since the factor ZigZag{z) is present in tp' , all unit decomposi- 
tions in Cf-''^-'^ have zig-zag number at most z. It remains to show that every unit 
decomposition of zig-zag number at most z of a graph H £ Cg''''^ is in C^'^'^ . This 
follows from the fact that G is the union of k directed paths, and from Proposi- 
tion IB. 1141 stating that any unit decomposition of zig-zag number at most z of a 
digraph that is the union of at most k directed paths has slicewidth at most k ■ z. 
Thus C!^-^^^ is z-saturated. To finish the proof set S5{}P-,k,z) as any slice graph 
generating Cf,k,z q 



D Weighted Variant of Theorem 11.11 



In this subsection we will extend Theorem 1 1.1 1 to weighted digraphs. By using this 
weighted version we may for example count the number of Hamiltonian cycles on z- 
topologically orderable digraphs, or consider maximization/minimization variants 
of all problems described in Section [TJ For a matter of simplicity we will consider 
only edge weighted digraphs, but the results listed below can be adapted to vertex 
weighted digraphs, or digraphs with weights on both vertices and edges. We will 
also consider that the weights are taken over the integers with addition (Z, +) 
but they could be taken over any commutative semigroup as long as the weights 
can be represented and operated efficiently. If p is a polynomial then a p- weighted 
digraph is a digraph G = (V, E) together with a weighting function w : E Z 
that associates to each edge e & E a weight w{e) G Z such that for every subset 
of edges S C E, J2eGS — P(l^l)- The weight of G, denoted ■w{G) is simply 

the sum of all weights of edges in G. 



As usual, we will regard weights as colors attached to edges. Therefore when 
slicing a weighted digraph, the weight associated to each edge will be preserved 
in all its sliced parts. Let U = SiS2...S„ be a weighted unit decomposition of a 
digraph G where Si = {Vi,Ei). We define the weight of the prefixes of U inductively 
as follows: 



w(Si) = ^ w{e) u;(SiS2...Si) = w(SiS2...S,j_i) + ^ w{e) 



Where denotes the set of edges touching the out-frontier of slice Si while 
denotes the set of edges touching its in-frontier. Observe that the weight of 
each composed edge is counted only once, in its first sliced part. In particular the 
weights of the edges belonging to permutation slices are never counted. Therefore, 
the weight of a digraph G is equal to the weight of any of its unit decompositions. 

Proposition D.l. //U = SiS2...S„ is a unit decomposition of a digraph G then 
w(G) = w(U). 

Let ^ = (V,£,S,T,T). Then the p-weight expansion of is the slice graph 
yVP{Sg) = {V,E',S',T,T') is defined as follows: For each vertex e V labeled 
with the slice 5(t)) = {V,E,l), we add the set of vertices {x>w.tot}w to V where 
w ranges over all weighting functions w : E {l,...,p} and tot ranges over 
{1, We label each Ou,,tot with the tuple (iS(t)), w, tof). Then we add an edge 

{^w,tot,'o'^i tot') to ^' ^^'^ °^ly (''jf') G 8, if the sfice {S{x>),w) can be glued 
to the slice w') and if tot' ~ tot + X)eeE'°"* ^{^)- ^ow let G be a weighted 

digraph, U be a unit decomposition of G and SUB'^{[J) = {V,£,S,1,T) be the 
slice graph representing all subunit decompositions of U. Since G is weighted, 
the slices labeling the vertices in V are also weighted. We define the total weight 




(4) 



eGS°"*\-B; 



expansion of SUB" (U) to be the slice graph toi(5We^(U)) = (V, f ', <S',X', T') 
defined as follows. First for each vertex G V we add a vertex titot to V', and label 
it with 5'(0tot) = {o,tot). Then we add an edge {Otot,0tot') to ^' if only if 
(o, t)') G £ and if <ot' = tot + J2e£E' if (e) where E'^^f is the out-frontier of 5(t)'). 
We set the initial set of vertices to be I' ~ {Oo|o G 2^}, and the terminal vertices 

to V = {vtot\tot € {0, e r}. 

Theorem D.l (Weighted Version of Theorem 15. 2|) . Let G he a p-weighted 
digraph of cut-width q with respect to a z-topological ordering u) = (fi,W2, ■■■,Vn) 
of its vertices, and let <SQ be a deterministic z- dilated- saturated slice graph on r 
vertices over the slice alphabet Then we may count in time r'-"^^^ ■ n'^(^) • 
the number of subgraphs of G that have maximum /minimum weight and that are 
isomorphic to some subgraph in Cg{SQ). 

Proof. The proof is almost identical to the proof of Theorem 15.21 The only dif- 
ference is the fact that the set of all weighted subgraphs of G that are iso- 
morphic to some digraph in Cg will be represented by the slice graph SQ^ — 
tot{SUB''{\5))^WP[J\f''(S3)). Define the maximal (minimal) vertices of 6^'^ to be 
the set Tmax i%nin) of vcrticcs of SG'^ which is labelled with a slice of maximal 
(minimal) total weight. The subgraphs of G of maximal (minimal) weight isomor- 
phic to some graph in Cg{^) will correspond to paths in SQ'^ from an initial 
vertex to a terminal vertex in 7'max {Tmin)- The rest of the proof proceeds as in 
Theorem O □ 

Theorem D.2 (Weighted Version of Theorem II. ip . Given a z-topological 
ordering of a p-weighted digraph G on n vertices, a M SO2 formula if, and an 
integer k, one may count the number of maximal (minimal) weight subgraphs of G 
that at the same time satisfy Lp and that are the union of k directed paths in time 
f{ip,k,z) .nCC^-^) for some computable function f{if, fc, z). 

Proof. The proof is identical to the proof of Theorem 11.11 except for some small 
adaptations: Given a monadic second order formula ip, and positive integers k 
and z, first we construct the dilated-saturated slice graph z,fc) over Sg^ 

as in Theorem 16.11 Since the slicewidth of a digraph is at most O(n^) if we plug 
q = O(n^), r — \iSQ{(p, z,k)\ and SQ{(p,z,k) into Theorem ID. 11 and if we let 
f[ip,z,k) = then we get an overall upper bound of f{ip,z,k) ■ n'^^'^'^^ for 

computing the number of subgraphs of G of maximum/minimum weight, that 
satisfy ip and that are the union of /c-directed paths. □ 



